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The problem of calculation of electromagnetic field energy outside the transparency
domain is discussed. It is shown that charged particle contribution to the energy
of electromagnetic perturbations in the general case can be described in terms of
bilinear combination of the dielectric polarizability of the medium. The explicit
form of such contribution is found. The relations obtained are used to generalize the
Planck’s law to the case of absorptive medium.
It is well known that the energy density of an electromagnetic wave in a medium with spatial
and temporal dispersion can be consistently defined only in the transparency domain (see, for
example, [1–3] and references cited therein). At the same time in the cited references there are no
general relations for the energy of electromagnetic field in the absorptive regions.
In spite of the fact that the idea of electromagnetic field energy description in the general
case was formulated many years ago [4, 5] and some specific calculations for the medium with
frequency dispersion outside the transparency domain were made [6, 7] this problem requires
further consideration. The matter is that the energy of an electromagnetic perturbation includes
the “pure” electromagnetic energy and the kinetic energy of charge carriers which they obtain due
to their motion in the electromagnetic field. If the neutral particles (i.e. atoms or molecules) are
present the additional potential energy acquired by bound electrons in such field also should be
added [7].
∗Electronic address: satron@mail.ru
†Electronic address: azagorodny@bitp.kiev.ua
The purpose of the present contribution is to derive general relation for the energy of elec-
tromagnetic perturbation in the medium with temporal and spatial dispersion outside the trans-
parency domain. We use the idea proposed in [4–7], namely we treat the energy of perturbation
as a sum of the electromagnetic field energy and the particle energy (both kinetic and potential)
which particles acquire in the field. Obtained relations are applied to calculate the fluctuation
field energy and to generalize the Planck formula for the case of non-transparent medium with
spatial and temporal dispersion.
We start from the Maxwell equations for electromagnetic field in a medium in the form which
is often uses in the plasma theory [2, 3, 8, 9]
rotE(r, t) = −
1
c
∂B(r, t)
∂t
,
divB(r, t) = 0,
rotB(r, t) =
1
c
∂D(r, t)
∂t
+
4pi
c
Je(r, t),
divD(r, t) = 4piρe(r, t), (1)
where Je(r, t) and ρe(r, t) are the external sources, if present. In the case under consideration
H(r, t) ≡ B(r, t), and total medium response to the electromagnetic field is described by dielectric
permittivity tensor εij(r, r
′; t− t′) or the conductivity tensor σij(r, r
′; t− t′) [8]
Di(r, t) =
t∫
−∞
dt′
∫
dr′εij(r, r
′; t− t′)Ej(r
′, t′)
Ji(r, t) =
t∫
−∞
dt′
∫
dr′σij(r, r
′; t− t′)Ej(r
′, t′) (2)
where Ji(r, t) is the total induced current which, by definition, includes all kinds of response.
Therefore, the tensors εij(r, r
′; t− t′) and σij(r, r
′; t− t′) are related as follows
εij(r, r
′; t− t′) = δijδ(r− r
′)δ(t− t′) +
t∫
t′
dt′′σij(r, r
′; t′′ − t′). (3)
We need also the equations describing interaction of electromagnetic fields with a medium. In
what follows we illustrate the possibility to calculate the energy of electromagnetic perturbation
outside the transparency domain using as an example of plasma-like medium. So, we supplement
Eqs. (1), (2) by the kinetic equation for plasma particles{ ∂
∂t
+ v
∂
∂r
+
eα
mα
Fext +
eα
mα
[
E(r, t) +
v
c
×B(r, t)
] ∂
∂v
}
· fα(r,v, t) = Iα, (4)
2
where fα(r,v, t) is the distribution function of particles of α species, Iα is the collision term, F
ext
is the external force field, if present, rest of notation is traditional.
Eq. (4) is valid in the case of classical plasma-like medium. The appropriate calculations for the
case of combined plasma-molecular medium can be performed using the model of bound particles
(see, for instance, Ref. [7, 10, 11]). Quantum description of both plasma and plasma-molecular
systems is also possible [9, 11, 12]. However, since the formulation of the general approach will
not require the explicit form of the response function (except the calculation of specific examples)
we need to know only general relation between the induced macroscopic currents J(r, t) and self-
consistent electric field E(r, t) given by Eq. (2).
Using Eqs. (1) one obtains the well-known equation
1
4pi
{
E
∂D
∂t
+B
∂B
∂t
}
+ JextE = −
c
4pi
div [EB], (5)
which is reduced to the Pointing equation in the case of non-dispersive medium. It can be used
also to calculate the energy Wω of quasi-monochromatic field in the case of weakly absorbing
homogeneous medium [7] and to recover the well-known Brillouin formula
Wω =
1
16pi
{
∂
∂ω
[ωεij(ω)]Ek,iE
∗
k,j +Bk,iB
∗
k,j
}
. (6)
This equation is frequently used to calculate the energy density with regard to the influence of
frequency dispersion [13, 14], however Eq. (6) cannot be used in the case of strongly absorptive
medium. In such case the treatment presented in Ref. [15] for lossless dissipative medium is also
inappropriate. To get rid of the above mentioned restriction we derive equation for energy balance
which takes into account the particle energy explicitly. This idea was suggested by V. Ginzburg
[4, 5]. In order to derive such equation it is necessary to multiply the kinetic equation (4) by
nαmαv
2 (nα is the density of particle of α species) and integrate over the velocity v. The result is
∂
∂t
∫
dv
nαmαv
2
2
fα(X, t) +
∂
∂r
∫
dv v
nαmαv
2
2
fα(X, t)
+
∫
dv
nαeαv
2
2
[
E+
v
c
×B
] ∂fα(X, t)
∂v
=
∫
dv
mαv
2
2
Iα. (7)
Taking into account that
∫
dvmαv
2
2
Iα = 0 and the equality
∑
α
∫
dv
nαeαv
2
2
[
E+
v
c
×B
] ∂fα(X, t)
∂v
= −eαnα
∫
dv vEfα(X, t) = −EJ , (8)
and combining Eqs. (7), (8) with the Eq. (5), which can be written in the form
1
4pi
{
E
∂E
∂t
+B
∂B
∂t
}
+ EJ+ JeE = −
c
4pi
div [EB], (9)
3
one obtains the equation for the energy balance [5, 6]
∂
∂t
{
1
8pi
(
E2(r, t) +B2(r, t)
)
+
∑
α
∫
dv
nαmαcv
2
2
fα(X, t)
}
+
∂
∂r
{
c
4pi
[E(r, t)×B(r, t)] +
∑
α
∫
dv v
nαmαcv
2
2
fα(X, t)
}
+ Jext(r, t)E(r, t) = 0, (10)
where the terms responsible for the particle energy and energy flux are present in the explicit
form. We see that there is no need to extract the particle energy term from the quantity E∂D
∂t
as
it is done for derivation of Eq. (6). It is sufficient to use the solution of the kinetic equations.
Thus, the problem under consideration can be solved, if the distribution function is known.
On the other hand, Eq. (10) makes it possible to use physical arguments to describe the particle
energy contribution to the energy of perturbation without restriction to the treatment of the case
of transparent medium.
In the zero-order approximation on the gas-dynamic parameter (l/L≪ 1, where l is the mean
free path, L is the size of the system) the solution of the kinetic equation (4) can be written in
the form of the local Maxwellian distribution [12]
fα(X, t) =
nα(r, t)
nα
(
mα
2piTα(r, t)
)3/2
exp
[
−
mα(v − uα(r, t))
2Tα(r, t)
]
, (11)
where
nα(r, t) = nα
∫
dvfα(X, t),
uα(r, t) =
nα
∫
vdvfα(X, t)
nα(r, t)
,
Tα(r, t) =
nα
∫
dv(mα/2)(v− uα(r, t))
2fα(X, t)
3nα(r, t)
. (12)
Within such an approximation we can present the full W energy density as follows
W = WF +WT +WK =
1
8pi
(
E2(r, t) +B2(r, t)
)
+
∑
α
(
3
2
nα(r, t)Tα(r, t) +
mαnα(r, t)u
2
α(r, t)
2
)
, (13)
where the field WF , thermal WT and kinetic WK energies are equal respectively
WF =
1
8pi
(
E2(r, t) +B2(r, t)
)
,
WT =
∑
α
3
2
nα(r, t)Tα(r, t),
WK =
∑
α
nα(r, t)
mαu
2
α(r, t)
2
. (14)
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Since WT is the heat produced by perturbation we can treat the energy associated with the
electromagnetic field as the sum of WF and WK .
Restricting ourselves by the second order approximation in perturbation, we can rewrite the
part of energy WK as
WK =
∑
α
nαmαu
2
α(r, t)
2
=
∑
α
mα
2e2αnα
J2α(r, t). (15)
Here Jα(r, t) is the partial contribution of the particle of α species to the induced current
J(r, t) =
∑
α Jα(r, t).
Notice, that Eq. (15) directly follows from the transparent physical treatment: the kinetic
energy acquired by particles under the action of electromagnetic field can be directly expressed
in terms of the averaged induced velocity. Namely this approach was used by V. Ginzburg to
estimate the energy density of particles in the case of cold plasmas. However, as is seen Eq. (15)
do not require such restriction.
The generalization of the results obtained in [6, 7] can be achieved using the relation between
the induced current and electric field (2) that gives
WK =
∑
α
mα
2e2αnα
t∫
−∞
dt′
∫
dr′σ
(α)
ij (r, r
′; t, t′) ·
t∫
−∞
dt′′
∫
dr′′σ
(α)
ij (r, r
′′; t, t′′)Ej(r
′, t′)Ek(r
′′, t′′)
=
∑
α
mα
2e2αnα
∫
dω
2pi
∫
dk
(2pi)3
∫
dω
2pi
∫
dk′
(2pi)3
· e−i(ω−ω
′)tei(k−k
′)rσ
(α)
ij (k, ω)σ
(α)∗
ik (k
′, ω′)EikωE
∗
jk′ω′ , (16)
where σ
(α)
ij (k, ω) is the partial contribution of particles of α species to the conductivity tensor of
the system
σ
(α)
ij (k, ω) =
∑
α
σ
(α)
ij (k, ω),
or in terms of the generalized polarizability χ
(α)
ij (k, ω) ≡
4pii
ω
σ
(α)
ij (k, ω) the effective energy of
electromagnetic perturbation in the medium W effF ≡ WF +WK can be written as
W effF =
1
8pi
∫
dk
(2pi)3
∫
dk′
(2pi)3
∫
dω
2pi
∫
dω′
2pi
ei(k−k
′)re−i(ω−ω
′)t
·
{
kik
′
j
kk′
+
(
1 +
c2
ωω′
kk′
)(
δij −
kik
′
j
kk′
)
+
∑
α=e,i
ω2
ω2pα
χ
(α)
ki (k, ω)χ
(α)∗
kj (k
′, ω′)
}
EikωE
∗
jk′ω′ , (17)
where ω2pα = 4pie
2
αnα/mα.
This is the general relation for the electromagnetic perturbation energy in plasma-like medium.
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Notice, that Eq. (15) can be used also to estimate the kinetic energy of bound electrons in atoms
and molecules. However, in such a case along with the kinetic energy of electrons the energy of
electromagnetic perturbation includes the potential energy of bound electrons in the fields of ions
with which they are bound. In the case of classical model of atom-oscillator [7, 12] such energy
can be estimated as
WU = nm
ω20r
2
m(r, t)
2
.
Here nm is the density of bound electrons, ω0 is the eigenfrequency of the oscillator, rm(r, t) is
the oscillation amplitude of the bound electron. Since um(r, t) =
drm(r,t)
dt
, the energy WB can be
expressed in terms of the mean velocity um(r, t), i.e. in terms of the induced current of the bound
electrons. Thus,
WU =
1
8pi
∫
dk
(2pi)3
∫
dk′
(2pi)3
∫
dω
2pi
∫
dω′
2pi
ei(k−k
′)r
· e−i(ω−ω
′)t ω
2
0
ω2pm
χ
(m)
ki (k, ω)χ
(m)∗
lj (k
′, ω′)EikωE
∗
jk′ω′ , (18)
where χ
(m)
ij (k, ω) in the case of classical model of atom-oscillator is given by [10]
χ
(m)
ij (k, ω) = −δij
∫
dv
ω2pmf0m(v)
(ω − kv)2 − ω20 + iγ(ω − kv)
, ω2pm =
4pie2bnm
mb
, (19)
f0m(v) is the distribution function of bound particles (atoms, or molecules), eb and mb are the
effective charge and the reduced mass of bound electron.
So, in the case of plasma-molecular system the energy of perturbation can be written as
W = W effF +WU = WF +WK +WU =
1
8pi
∫
dk
(2pi)3
∫
dk′
(2pi)3
∫
dω
2pi
∫
dω′
2pi
ei(k−k
′)r e−i(ω−ω
′)t
·
{(
δij −
kik
′
j
kk′
)(
1 +
c2kk′
ω2
)
+
kik
′
j
kk′
+
∑
α=e,i
ω2
ω2pα
χ
(α)
ki (k, ω)χ
(α)∗
kj (k
′, ω′)
+
ω2 + ω20
ω2pm
χ
(m)
ki (k, ω)χ
(m)∗
kj (k
′, ω′)
}
· EikωE
∗
jk′ω. (20)
Notice, that this equation remains valid in the case of quantum description, if the polarizabilities
χ
(α)
ij (k, ω) (α = e, i,m) are calculated within the framework of quantum theory (see, for example,
Ref. [11, 12]).
In the case of the monochromatic field E(r, t) = 1
2
{E(r)e−iωt + E∗(r)eiωt}, after the averaging
over the period of oscillation T = 2pi and the volume of the system V , Eq. (20) is reduced to
W ≡ W
eff
F +WU =
1
16piV
∫
dk
(2pi)3
{(
δij −
kikj
k2
)(
1 +
c2k2
ω2
)
+
kikj
k2
+
∑
α=e,i
ω2
ω2pα
χ
(α)
ki (k, ω)χ
(α)∗
kj (k, ω) +
ω2 + ω20
ω2pm
χ
(m)
ki (k, ω)χ
(m)∗
kj (k, ω)
}
EkiE∗kj . (21)
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Let us consider the case when the spatial dispersion is formally neglected, i.g., we put
χ
(α)
ij (k, ω) = χ
(α)
ij (ω). In this case, equation (21) is simplified to
W ≡WE +WB, (22)
where
WE =
1
16pi
{
δij +
∑
e,i,m
ω2 + ω20α
ω2pα
χ
(α)
ki (ω)χ
(α)∗
kj (ω)
}
EiE∗j ,
WB =
1
16pi
|B|2, |B|2 =
1
V
∫
dr|B(r)|2,
EiE∗j =
1
V
∫
drEi(r)E
∗
j (r), ω0α =

 0, α = e, iω0, α = m . (23)
Using (22), (23) it is easy to recover the results obtained in Refs. [6, 7] for the electric field
energy density outside the transparency domain. For example, in the case of cold molecular system
χ
(m)
ij (ω) = −δij
ω2pm
ω2 − ω20 + iγω
, (24)
that leads to
WE =
1
16pi
|E|2
[
1 +
ω2pm(ω
2 + ω20)
(ω2 − ω20)
2 + γ2ω2
]
. (25)
In the case of cold plasma
χ
(e)
ij (ω) = −δij
ω2pe
ω(ω + iνe)
, (26)
where νe is the effective collision frequency, that gives
WE =
1
16pi
[
1 +
ω2pe
ω2 + νe
]
|E|2. (27)
Eqs. (25) and (27) are in agreement with the well-known relation (see the first term in Eq. (6))
W =
1
16pi
∂
∂ω
[ωRe εij(ω)]EiE
∗
j (28)
only in the case of nondissipative systems (γ = 0 and ν = 0).
It is easy to show that Eq. (21) can be also applied to description of the energy density of
fluctuation. Performing statistical averaging of Eq. (21), one obtains
〈W 〉 =
1
8pi
∫
dk
(2pi)3
∫
dω
2pi
{
kikj
k2
+
(
1 +
c2k2
ω2
)(
δij −
kikj
k2
)
+
∑
α=e,i,m
ω2 + ω20α
ω2pα
χ
(α)
ki (k, ω)χ
(α)∗
kj (k, ω)
}
〈δEiδEj〉kω. (29)
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Deriving Eq. (29) we take into account that
〈δEikωδE
∗
jk′ω′〉 = (2pi)
4δ(k− k′)δ(ω − ω′)〈δEiδEj〉kω, (30)
where
〈δEiδEj〉kω =
∫
dRe−ikR
∫
dωe+iωτ〈δEi(r, t)δEj(r
′, t′)〉kω, R = r− r
′, τ = t− t′. (31)
In the case of equilibrium system 〈δEiδEj〉kω is given by the fluctuation dissipation theorem
(see, for example, [2, 3])
〈δEiδEj〉kω =
4pii
ω
θ(ω)
{
Λ−1ij (k, ω)− Λ
−1∗
ji (k, ω)
}
. (32)
Here
θ ≡
~ω
2
cth
~ω
2T
, Λij(k, ω) = εij(k, ω)−
k2c2
ω2
(
δij −
kikj
k2
)
. (33)
Further simplification of (29), (33) can be done in the case of isotopic system for which
εij(k, ω) = εT(k, ω)
(
δij −
kikj
k2
)
+ εL(k, ω)
kikj
k2
, (34)
where εT(k, ω) and εL(k, ω) are the transverse and longitudinal parts of the dielectric permittivity
tensor.
Substitution of (34) into (32) and (29) yields
〈W 〉 =
∞∫
0
〈W 〉ωdω, (35)
where for the general case of the non-transparent medium
〈W 〉ω =
θ(ω)
2pi3ω
∞∫
0
dk k2
{
Im εL(k, ω)
|εL(k, ω)|2
·
[
1 +
∑
e,i,m
ω2 + ω20α
ω2pα
|χ
(α)
L (k, ω)|
2
]
+
2Im εT(k, ω)
|εT(k, ω)− (k2c2)/(ω2)|2
·
[
1 +
k2c2
ω2
+
∑
e,i,m
ω2 + ω20α
ω2pα
|χ
(α)
T (k, ω)|
2
]}
. (36)
In the case of negligible dissipation we can use the approximation of the type
Im εT
|εT(k, ω)− (k2c2)/(ω2)|2
≃ piδ
(
Re εT(k, ω)−
k2c2
ω2
)
. (37)
In the case of cold plasma at ω ≫ ν
εT(ω) ≃ 1−
ω2p
ω2
8
and
〈W 〉ω=
ω2θ(ω)
2pi2c3
√
ε(ω)
(
1+ ε(ω)+
ω2pe
ω2
)
=
ω2θ(ω)
pi2c3
√
ε(ω) (38)
This result is in agreement with the well-known result for the energy density in the dispersive
transparent medium [16]. If we rewrite (38) in the form
〈W 〉ω =
~ω3
pi2c3
{
1
2
+
1
e(~ω)/T − 1
}√
ε(ω) (39)
we can interpret the second term in the sum (39) as the generalization of the Planck formula
for the transparent plasma. This generalization follows from straightforward consideration of the
transverse oscillations ω =
√
c2k2 + ω2p in plasma as a non-damping boson quasiparticles [17].
In the case of molecular medium γ → 0
εb(ω) = 1−
ω2pb
ω2 − ω20
(40)
and thus
〈W 〉ω =
ω2θ(ω)
2pi2c3
√
εb(ω)
[
1 + εb(ω) +
ω2pm(ω
2 + ω20)
(ω2 − ω20)
2
]
.
At ω ≫ ω0 we come back to the equation of the type (38)
〈W 〉ω =
ω2θ(ω)
pi2c3
√
εb(ω). (41)
At ω ≪ ω0 the frequency dispersion can be neglected and we obtain the result for nondispersive
transparent medium [16]
〈W 〉ω =
ω2θ(ω)
2pi2c3
ε˜3/2, (42)
where
ε˜ = lim
ω→0
εb(ω).
In the general case Eq. (36) can be rewritten in the form of the Planck formula modified by
the presence of the medium
〈W 〉ω =
~ω3
pi2c3
{
1
2
+
1
e(~ω)/T − 1
}
S(ω), (43)
where S(ω) is the function describing the influence of the medium
S(ω) =
c3
2piω3
∞∫
0
dk k2
{
Im εL(k, ω)
|εL(k, ω)|2
·
[
1 +
∑
e,i,m
ω2 + ω20α
ω2pα
|χ
(α)
L (k, ω)|
2
]
+
2Im εT(k, ω)
|εT(k, ω)−
k2c2
ω2
|2
·
[
1 +
k2c2
ω2
+
∑
e,i,m
ω2 + ω20α
ω2pα
|χ
(α)
T (k, ω)|
2
]}
. (44)
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Notice, that the alternative approach on the basis of quantized electromagnetic field has been
recently proposed in Ref. [18]. The detailed comparison on these two approaches will be the matter
of the separate treatment.
Thus, in the present contribution we derive the general relations for the energy density of
electromagnetic perturbation in absorptive medium. This approach is based on the equation for
the energy balance in the medium ((10)) and the assumption, that the distribution function for
particles subordinates to the local Maxwellian distribution (11). The representation (43) describes
the generalized zero oscillations, depending on temperature and density of medium via the function
S(ω) (the first term in the brackets) and the modification of the Planck formula (the second term
in the brackets).
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